We write down a vertical representation for the elliptic Ding-Iohara-Miki algebra, and construct an elliptic version of the refined topological vertex of Awata, Feigin and Shiraishi . We show explicitly that this vertex reproduces the elliptic genus of M-strings, and that it is an intertwiner of the algebra.
Introduction
type ALE space [24] ). An alternative derivation of the 5d and 6d AGT relation from the M-string was provided in [25, 26] . On the other hand, a natural elliptic extension of the DIM algebra was constructed in a rather different context [27] , and we refer to this algebra as the elliptic DIM algebra in this article. As already discussed in [21] , the elliptic Virasoro algebra can be embedded into the coproduct of two horizontal representations of the elliptic DIM algebra constructed in [27] , and thus it is natural to expect that one can formulate the M-strings computation in a similar way to [6] with a web of representations of the elliptic DIM algebra.
In this paper, we first write down a representation of the elliptic DIM algebra in analogy to the vertical representation of the usual DIM algebra, and then we construct an elliptic version of the refined topological vertex. As the main claim of this paper, we prove the AFS property, which states that the elliptic AFS vertex is indeed an intertwiner of the elliptic DIM algebra (the algebra acts in the adjoint way to the vertex). At the end, we conclude the article by discussing the application of these vertices to the elliptic AGT relation.
The following figure sketches another point of this paper: the elliptic genus of M-strings (instanton partition function of 6d theories) can be produced with the elliptic vertex introduced in this paper.
C (µν),(ξ,ζ),λ
Notation related to Young diagrams For a given Young diagram λ, we decompose it into a series of non-negative integer numbers {λ i |i ∈ Z + } satisfying, λ 1 ≥ λ 2 ≥ λ 3 ≥ . . . . These numbers correspond to the number of boxes in each column of the Young diagram. We denote λ t as the transpoed Young diagram of λ, and (i, j) ∈ λ stands for the box in the i-th row and j-th column in λ. All notations used in this article are listed in the following table. s represents the number of boxes in the diagonal direction of λ. Note that i (α i + β i ) = |λ| and exchanging α i and β i transforms λ to λ t .
Elliptic Genus of M-strings
The elliptic genus of M-strings [20] can be computed from the refined topological string on a CalabiYau geometry specified by a toric diagram with its top and bottom external legs identified together. It can also be interpreted as the instanton partition function of the corresponding 6d N = (1, 0) theory on R 4 × T 2 with omega background twisting. This partition function is an elliptic version of the Nekrasov partition function, which is a natural consequence from the fact that the refined topological vertex on toric Calabi-Yau is dual to 5d N = 1 theory constructed from (p, q)-brane web, and the compactification (i.e. identification of external legs) of this brane web along the NS5 direction lifts the theory to 6d. We give a brief review on it in this section, by rederiving it on the compactified toric Calabi-Yau, with the Awata-Feigin-Shiraishi (AFS) version of the refined topological vertex [6] (see also [18] for a review and generalization). The derivation for the partition function of a strip with arbitrary even number of horizontal legs was originally done in [21] . The building block for a compactified brane web is
We note that by replacing Φ * and Φ with the generalized AFS vertices introduced in [18] , it is possible to build the compactified brane web with arbitrary rank of gauge group. What we need to do is to take the trace over the Fock space of the horizontal representation of the DIM algebra.
There are various of ways to compute the trace in the Fock space, and one of them is reviewed in Appendix A. 
where q 3 := t/q = γ 2 , p = e −τ is the modulus of the torus, and the AFS vertices are given by
with the normalization factors
2 We used a convenient notation in this equation that whenever x, or x ′ (resp. y or y ′ ) appears, it is summed over all boxes in x, x ′ ∈ λ (resp. y, y ′ ∈ µ). This convenient notation is used throughout this section.
and the vertex operators,
q and t are two Ω-background parameters, and γ is a short notation for γ = (t/q) 1/2 . χ x is a coordinate-like complex number assigned to each box x in the Young diagram λ associated to the Coulomb branch parameter 3 v. When x is in the i-th row and j-th column, χ x = vq i−1 t −j+1 . We note that u-dependence of the AFS vertex was not explicitly written in the l.h.s. of equation (2.1), as it only appears in the overall normalization factor t and t * and cancels out on the r.h.s. Refer to [6, 18] for more details about the AFS vertex. Equation (2.1) can be divided into four parts. First we have an overall factor which does not depend on λ or µ, i.e. terms in the first line of equation (2.1) combined with a similar factor from the contraction of Φ * λ and Φ µ ,
This is an elliptic version of the original overall factor G(γv 1 , v 2 ; q, t) := exp
with an additional new prefactor
To be more precise, it is the position parameter for the associated D5 brane in the brane web. The ratio of two v's parameterizes the Coulomb branch.
The second part depends on both λ and µ, and it is an elliptic version of the bifundamental contribution. Up to the original bifundamental contribution coming from the contraction of Φ * and Φ,
and we have in addition, which combine together into
, (2.16) where the θ-function θ p (z) is defined by
This is precisely the elliptic Nekrasov factor, and we review its several equivalent expressions in Appendix C.
The remaining two parts correct the vector multiplet contributions of λ and µ respectively. The factor associated to λ reads 18) and that for µ is given by
Note that the vector multiplet contribution comes from the inner product of Φ * and Φ, it is corrected by both a (2.18)-like factor and also a (2.19)-like factor. Taking into account of the γ −1 shift in (2.16), we find that 3 Elliptic Ding-Iohara-Miki Algebra [27] In the following sections, we construct an elliptic topological vertex, which is formulated on the toric diagram (brane web before compactification) while reproduces the elliptic partition function. We start from the definition and basic properties of the elliptic DIM algebra.
Definition 1
The elliptic DIM algebra is specified by the generators ψ ± (z), x ± (z), and the following relations (q 1 q 2 q 3 = 1),
with,
Remark: There is an apparent automorphism of the algebra, i.e. interchanging among the parameters q 1 ↔ q 2 ↔ q 3 . We set, when no further instruction is added, q 1 = q, q 2 = t −1 and
2 = t/q in this article. This algebra admits a Hopf algebra structure, with a standard Drinfeld coproduct, as can be already seen in the discussion of Ding and Iohara's original paper [7] . We have the following lemma for the concrete form of the coproduct and it is shown by explicit computation in Appendix D.
Lemma 1
The elliptic DIM algebra is equipped with the following coproduct structure.
whereγ (1) =γ ⊗ 1 andγ (2) = 1 ⊗γ.
Remark:
We note that from θ p (z
, an important property,
holds for the algebra.
Remark: Unlike in the usual DIM, the mode expansion of x ± (z) and ψ ± (z) are all given by [27] x ± (z) =:
the direct consequence of which is that ψ ± 0 are no longer centers of the algebra.
Representations of Elliptic DIM
In this section, we briefly discuss several representations of the elliptic DIM, in analogy to the vertical and horizontal representations of the usual DIM algebra. These representations will be used in the construction of the elliptic vertex in the next section. An important feature of these representations is that in the p → 0 limit, they reduce to well-defined and yet non-trivial representations of the usual DIM algebra, that is to say, if we further expand the generators of the elliptic DIM with respect to p, as 
Vertical Representation
Recall that the (0, N) vertical representation of the normal DIM reads
with a natural dual representation. A similar representation labeled by one Young diagram of the elliptic DIM which preserves the elliptic instanton partition function can be constructed. The existence of this representation is the key to build the elliptic vertex.
Proposition 1
The following action of generators on the basis labeled by the highest-weight parameter v and a Young diagram λ gives a representation of the elliptic DIM algebra atγ = 1.
2)
where the elliptic Y-function is given by
and we introduced a notation
as an elliptic residue. A(λ) and R(λ) are respectively the set of boxes that can be added to or removed from the Young diagram λ to create a Young diagram with size |λ| ± 1. b is a free parameter here. We call this representation the vertical representation of the elliptic DIM algebra.
The proof is due to the explicit computation and we present it in Appendix F.
There is one important point to stress here. It may appear in the above expression of the vertical representation that the representations of ψ + (z) and ψ − (z) are the same, but they are in fact different expansion of the same function. In the calculation of Appendix F, to establish the representation with the generalized Ramanujan's identity (E.1), we replace θ-functions in ψ
with the identity θ p (z) = −zθ p (z −1 ) to obtain the expression of ψ − . Note that
is symmetric about z ↔ z −1 in the infinite product, and thus replacing θ p (z) with
is essentially replacing (1 − z) with −
is in the denominator, this operation gives rise to a difference proportional to the δ-function.
The simplest way to work out the double expansion of ψ ± (z), (4.1), is to first split the θ-function as (4.8) into an infinite product, which is symmetric about z ↔ z −1 , and the part that survives in the p → 0 limit (we call it the DIM part), and we expand the infinite product with repsect to p in the same way as the well-known expansion of θ p (z) presented in (B.3) and the DIM part about z (resp. z −1 ) for ψ + (ψ − resp.). This difference on expansion can be viewed as inherited from the representation of the usual DIM algebra obtained in the p → 0 limit, as the only difference between ψ ± comes from the factors in the DIM part.
We have 9) in this representation.
Remark:
We fixed the overall scaling of x ± in the above expressions, but left the relative scaling b to be free for now. It turns out that there is a nice and natural choice of b for a particular expression of the elliptic vertex.
To construct a dual vertical representation, we need to fix a λ , the inner product of two dual states, in the elliptic case. Recall that in the usual DIM, we can choose 10) then the most natural candidate in the elliptic case is obtained by simply replacing Z vect with its elliptic version, (2.20), using
i.e.
Using the recursive relations of Z ellip vect (v, λ) presented in Appendix C, we have
where we used the identity θ p (z
With (4.13) and (4.14), it is straightforward to derive the following corollary.
Corollary 1
The following dual vertical representation, Remark: We will denote the map from elements of the elliptic DIM algebra to operators in the vertical representation space by ρ (0,1) v . Its action on the ket (resp. bra) basis is given by the vertical (resp. dual vertical) representation described above. The corresponding representation space is denoted as F (0,1) v . The label (ℓ 1 , ℓ 2 ) = (0, 1) is inherited from the representation of DIM, and in the current case ρ
Horizontal representations [27]
We completely follow the convention used in [27] in this subsection.
Definition 2 (elliptic boson)
The elliptic boson is constituted of two copies of Heisenberg algebras with the normalization,
and a n and b n commute with each other.
Definition 3 We define
As shown in [27] we have the following representation of the elliptic DIM labeled by n.
Proposition 2
The following map gives a representation of the elliptic DIM algebra atγ = γ,
u is the highest-weight parameter of the representation. We denote this map with the notation ρ We check this claim in Appendix G.
Remark: In the definition of vertex operators (4.19)-(4.22), we observe that whenever b n appear, it is always accompanied by a factor p |n| . We can absorb this factor into the normalization of b n , and then the Heisenberg algebra of b n becomes completely commutative in the limit p → 0. In this limit, b n no longer contributes any factor to the correlators, and can be completely dropped out. Therefore, the vertex operators (4.19)-(4.22) reduce to those used in the (1, n) representation of DIM algebra [28, 6] , when we take p → 0.
Remark: Note that ψ ± 0,0 = γ ∓n , and indeed (ℓ 1 , ℓ 2 ) = (1, n) for the representation (4.23).
Elliptic Awata-Feigin-Shiraishi vertex
As explained in [18] , in the AFS approach, each D5-brane (or (1, 0)-brane) in the brane web is mapped to a vertical representation in the algebra and each (n, 1)-brane to a (1, n) horizontal representation. The highest weight parameters u's and v's respectively have the physical meaning of the position parameters of NS5 and D5-branes. At the intersections of three branes, we assign AFS vertices to the brane web, and the VEV of the product of all these vertices gives the instanton partition function of the brane web. In the elliptic case, we will use the elliptic vertex introduced in the this section instead, and will adopt the same rule of assignment to the brane web (without compactification).
Definition 4 (elliptic vertex)
We introduce the following elliptic vertices
and define them in terms of their vector components,
where t n and t * n are again given by
and
The contraction between elliptic vertices can be computed to the following results.
and we used the identity (C.8),
.
(5.14)
Remark: We note that up to a factor independent of v 1 and v 2 ,G(v 1 , v 2 ) matches the overall factor G ellip (v 1 , v 2 ; q, t, p) derived in (2.12).
Corollary 2 With the above properties (5.9), (5.10), (5.11), (5.12) of the elliptic vertices, we reproduce the elliptic genus of M-strings computed for example in [21] .
Proof: What needs to be reproduced is the elliptic Nekrasov factor (2.16) from the contraction of vertex operators in the horizontal representation and (2.20) from the vertical representation. We recall how the AFS vertices are glued together: they are simply multiplied together according to the brane web, and we take the vacuum expectation value of the multiplied object to obtain the partition function. In the vertical representation, in order to use the concrete expressions (5.3) and (5.4), we insert the identity operator id = λ |v, λ a . The remaining part is trivial from the contraction (5.9), (5.10), (5.11) and (5.12). Refer to, for example, [18] or [29] for how to construct an instanton partition with a given shape of quiver.
The main claim of this paper is that the elliptic vertex defined above not only reproduces the elliptic genus of M-strings, but is also an important building element of the underlying elliptic DIM algebra, i.e. the intertwiner of the algebra.
Theorem (AFS property)
The AFS property of the intertwiner,
with g = x ± , ψ ± , holds for elliptic vertices. The proof is given in Appendix H by explicit computation.
Conclusion & Discussion
In this article, we constructed a vertical representation whose basis is labeled by one Young diagram for the elliptic DIM algebra atγ = 1, and based on it, we did a parallel work to [6] to build an elliptic vertex, whose VEV associated to certain class of representation webs (see Figure 2) reproduces the partition function of corresponding 6d N = (1, 0) SCFTs (or equivalently, elliptic genus of Mstrings) up to some factor independent of Coulomb branch (or Kähler) parameters. There are, however, still a lot of open questions for future works, and we list some of them here with brief and limited discussions attached.
Iqbal-Kozcaz-Vafa analogue of the elliptic vertex We note that essentially what is done in this article is to replace the trace of a free boson with the VEV of two copies of free bosons (elliptic boson) for the AFS refined topological vertex, and this is known as the Clavelli-Shapiro [30] trick (see also [31] for a brief review) in the literature. In the IKV version of the refined topological vertex, the bifundamental factors obtained in the unpreferred direction (which corresponds to the horizontal representation direction in the AFS approach) can also be viewed as VEVs of vertex operators by using the vertex operator expression of the skew Schur function
where |µ , |ν are the fermion basis associated to the Frobenius coordinate of Young diagrams µ, ν (see (1.1) and [5] ) and
We can also apply the Clavelli-Shapiro trick to these vertex operators and work out the IKV version of the elliptic vertex, or we can follow the discussion in [6] to work the IKV version as the matrix element of the elliptic vertex introduced in this article . The details are reported in [32] .
Representations of elliptic DIM As we have already remarked in section 4.1 and 4.2, all the representations of the elliptic DIM algebra we considered in this article have the special property ψ ± 0,0 = constant. This property is inherited through the coproduct, due to the fact that the expansion only contains non-negative powers of p. In this paper, it follows from the fact that in the p → 0 limit the representation we consider always reduces to a representation of the DIM algebra. It seems that representations with ψ ± 0,0 central might only be a subclass of all representations of the elliptic DIM algebra. We do not know any concrete example of more general representations, which does not satisfy this property, and if there exists such an example, it will be curious what kind of role it can play in the classification of 6d gauge theories. 
Generalized elliptic vertex
where for λ = (λ
, and properly adjusting the prefactors to symmetrize the expression for x ± and ψ ± . With this representation, we can construct the generalized elliptic vertex as done in [18] , and this generalized vertex simplifies the computation for higher rank gauge groups a lot, allowing us to make general statements.
qq-character of Kimura-Pestun's picture Since the AFS property, (5.16), (5.17), holds for the elliptic vertex introduced in this article, a parallel analysis to that done in [18] can be repeated to construct quantities in the algebra commutating with the T -operator, which is product of Φ and Φ * and whose VEV gives the instanton partition function of the corresponding brane web. These quantities are argued to correspond to Kimura-Pestun's generators [15] of the quiver W-algebra, W q,t (Γ). The generalization of [15] to 6d is presented in [33] . We note that these generators take almost the same form as their siblings in 5d, and resemble the structure of the qq-character generators built from "surface" operators in [34] . It will be very interesting to find the correspondings of the "surface" operators in the elliptic DIM algebra.
qq-character in vertical representation and constrains on matter contents Another way to derive the qq-characters from the DIM algebra was proposed in [35] , in which we convert the Ward identity of elements of the DIM algebra acting on the brane web to the contour integral, e.g. for a pure SU(n) gauge theory, dx 2πi
. The Ward identity states that the sum of all residues over {χ x |x ∈ A(λ) ∪ R(λ)} when evaluated on | v, λ in the expectation value
is zero. Y(x) is an operator not specified in this article, and we only need its property that
At the end, we find that the integral around x ∼ z can be expressed as the sum of residues around x ∼ 0 and x ∼ ∞. It turns out that
with T n (z) some polynomial of z of degree n. We can also add additional matter flavors and nontrivial Chern-Simons level to the theory, and as discussed in [35] , by requiring that T n (z) remains to be a polynomial of degree n, we can recover the constraint on number of flavors and Chern-Simons level for 5d SU(n) originally derived in [36] .
We can repeat the same computation with the elliptic vertices, and interestingly, we see that if either the number of fundamental hypermultiplets or the number of anti-fundamental hypermultiplets is not equal to n in SU(n), there will be an essentail singularity at x = 0 or x = ∞, due to the wild behavior of θ p (x) at the origin and the infinity, and the above method to derive the qq-characters will break down. This result agrees with that obtained from the discussion of gauge anomaly cancellation in [37] . With a similar reasoning, Chern-Simons-like contributions are banned in the partition function.
With D-type quiver? A reflection state constructed in [29] can also be used in the elliptic DIM algebra to build gauge theories with D-type or affine D-type quiver. 6d theories with affine D-type quiver is classified in [37] as one of the little string theories. It will be very interesting to investigate these theories in details with the elliptic vertex in the future.
There appeared different approaches to obtain the Nekrasov partition function by using the blowup equation [38] for generic Calabi-Yau manifolds and the (q, t)-KZ equations [39] . It would be extremely interesting to see the connection with these works.
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A Trace over Fock Space
We consider the correlation function in a thermalized harmonic oscillator, described by
The modulus of the thermal circle is set to be τ . Using the orthogonality of the Gaussian integral,
where we chose the normalization of the measure to be dzdz = 1 π rdrdθ, we can rewrite the thermalized correlation function for : φ(α, α † ) : to
Using the property of the coherent state For the Heisenberg algebra,
the torus correlation function is defined with the propagator L 0 = n>0â −nân instead of α † α. We therefore have
Again for the example,
we have
B Properties of θ-function
Our definition of the θ-function is
The Laurent expansion of θ p (z) over z can be obtained from the Jacobi triple identity,
by putting xy = −z, x 2 = p,
One can find the proof of this identity in various literatures, for example a physically motivated derivation in [40] , and we clearly see that it is a well-defined Taylor expansion about p. Similarly when we encounter θ p (z) −1 , we can expand 1 (zp;p)∞ and 1 (z −1 p;p)∞ about p, with a prefactor
Collecting all these contributions, we can obtain a double expansion about both p and z for a general function of the form
From the definition of the θ-function, it is straightforward to check that
C Rewriting the Nekrasov Factor
The elliptic version of the Nekrasov factor is defined as [20, 21] (see also [34] )
Using the recursive formulae (C.5) and (C.6) derived in [35] , we have
Combining these identities with
, it is straight forward to derive the equivalent expression, which is repeatedly used in the Awata-Feigin-Shiraishi approach,
(C.8)
In the derivation of the above expression, we used the elliptic version of the shell formula,
where v = χ (1,1) is the Coulomb parameter associated to the Young diagram λ, and the identity
Another well-known equivalent form of the Nekrasov factor is frequently used in the IqbalKozcaz-Vafa approach [5] , and its elliptic version is simply given by
D Coproduct of Elliptic DIM
The standard Drinfeld coproduct is given by,
whereγ (1) =γ ⊗ 1 andγ (2) = 1 ⊗γ. Let us confirm it by explicit computation.
where in the last line, we used g ellip (z
Finally we have,
(2) w)
We note that ψ − (γ
We remark that the standard Drinfeld coproduct structure holds as long as g ellip (z)
E Generalized Ramanujan's Identity
The generalized Ramanujan identity is given by
There is a common factor in the above two terms, and the remaining part reduces to the well-known identity of δ-function in the non-elliptic case,
F Check of Vertical Representation
As done in [18] , all defining relations of the elliptic DIM but the commutation relation of [x
can be satisfied with the key property of the Y-function,
following from the shell formula (C.9), since again
The remaining relation to check is
We have
and we recognize the r.h.s. as the r.h.s. of the generalized Ramanujan's identity (E.1) for Ψ ellip λ (z) by recalling the definition of the Y-function (4.5) and the elliptic residue (4.7). Therefore let us denote the equation after the use of (E.1) as
and we note that we have to expand the above expressions honestly with the double-expansion (about p and z) expression of θ p (z) and θ p (z) −1 to obtain the representation of ψ ± k on |v, λ . See Appendix B for more details on this expansion.
G Check of Horizontal Representation
we obtain
which reproduces the commutation relation,
The contraction between two ξ's is
which has the same commutation relation as
are combined into
It has the same commutation relation as that between ψ − (z) and x + (w).
which is the same commutation relation as that between ψ + (z) and x + (w). The contraction for ϕ (resp.φ) with ξ(z) can be obtained by exchanging numerators and denominators in the computation for η(z) and shifting z n by γ −|n| :
which indeed reproduce the commutation relation between x − and ψ ∓ respectively. The last com-
We note that the r.h.s. in the first two equations above are exactly the same, but expanded in different ways with respect to z/w, exactly as in the generalized Ramanujan's identity (E.1). Using (E.1), we have
We thus see that indeed the horizontal representation
satisfies the defining relations of the elliptic DIM.
H Proof of AFS property
To check the AFS property for these vertices, we need the following results of contractions between vertex operators.
We check the AFS property for g = x ± (z), ψ ± (z) one by one as follows. We have
which exactly matches,
, by using the generalized Ramanujan's identity (E.1) and setting b = 1.
For x − , we have Q.E.D.
